Atoms and ions of Lanthanides have multiple opens shells along with an open 4f k subshell. This paper studies the effect of electron correlation in such systems and how wave functions can be determined for the accurate prediction of atomic properties in the case of Ce 2+ where k = 2, using the multireference single-and double-excitation method. An efficient higher-order method is recommended for more reliable results.
I. INTRODUCTION
Lanthanides were detected recently in the electromagnetic counterpart to a gravitational wave source from a binary neutron star merger (GW170817) [1] . Knowledge of their atomic structure is essential for estimating the ejecta opacity and understanding the r-nuclear process at the origin of their synthesis [2, 3] . Lanthanides and related Actinides are also the elements of the periodic table that pave the way to the transfermium elements (Z ≥ 100) that do not occur naturally on Earth and are produced at large accelerator facilities, for which the atomic structure is almost unknown [4] , and to superheavy elements (Z ≥ 104) that are good candidates for the island of stability of nuclear astrophysics interest [5] .
To estimate the r-process opacities that are dominated by bound-bound transitions, the radiative transition rates have to be calculated for tens of millions of lines in lanthanide ions, using atomic structure models that determine the approximate ion energy level structure and the wavelengths and oscillator strengths of all permitted radiative transitions [6] . Although these models do not provide exact results, the hope is that they capture the statistical distribution of levels and lines, to derive reliable estimates of the pseudo-continuum opacity [7] . Benchmark calculations for a few elements have been performed [8] to confirm that the opacities from bound-bound transitions of open f -shell elements are higher than those of the other elements over a wide wavelength range. The present work does not enter in this category of calculations. It mainly focuses on the search of the relevant correlation configurations entering in the description of atomic energy levels of complex atomic systems and to the development of ab initio computational strategies allowing their efficient inclusion. The ultimate goal is to improve the reliability of theoretical atomic energy levels, excitation energies * cff@cs.ubc.ca and wave function compositions, in line of other recent works [9, 10] .
Parametric studies can be performed to unravel the complex spectra of Lanthanides (and Actinides) (see for instance [11] for Ce 2+ ) but needed are the observed atomic line frequencies and intensities, which are precisely the targets of ab initio approaches. The effect of correlation in atoms and ions of Lanthanides and Actinides is not well understood. Safronova et al. [12] summarize the situation well-"though tremendous progress has been made, calculations for the Lanthanides with the open 4f -shell remain a challenge." In their paper, they report results from applying two hybrid approaches to the elements La, La + , Ce, Ce + , Ce 2+ , and Ce 3+ . In their studies, not all levels of a configuration are included. In particular, in Ce 2+ (Z = 58) only five levels were reported, namely 3 H 4,5,6 , 1 G 4 , 1 D 2 instead of the thirteen levels arising from a single open subshell f 2 configuration [13] . Their method is based on the use of an effective Hamiltonian for including correlation within the closed subshells and configuration interaction (CI) for electrons in open subshells (referred to as valence electrons) and perturbation theory methods of various orders.
The present paper discusses similar strategies based on variational methods for determining wave functions that can be used to predict atomic properties and not only energies, methods that have been implemented in the General Relativistic Atomic Structure Package computer codes (Grasp2K [14] and Grasp2018 [15] ).
What makes the calculations challenging is the rapid explosion in the number of basis states associated with configurations with multiply occupied subshells with large angular momenta and the need for higher-order corrections. The configuration [Kr]4d 8 4f 4 5s 2 5p 4 5d 2 of Ce 2+ has associated with it 1,608,502 basis states, for 0 ≤ J ≤ 6. In addition, strong interactions require treatments for higher-order effects and standard procedures rapidly produce expansions of 10 Million basis states or more. Once wave functions have been determined other properties can be computed.
II. UNDERLYING THEORY
In the multiconfiguration Dirac-Hartree-Fock (MC-DHF) method [16] , the wave function Ψ(γπJM J ) for a state labeled γπJM J , where J and M J are the angular quantum numbers and π the parity, is expanded in antisymmetrized configuration state functions (CSFs)
The labels {γ j } denote other appropriate information about the CSFs, such as orbital occupancy and the subshell coupling tree. The CSFs are built from products of one-electron orbitals, having the general form
where χ ±κ,m (θ, ϕ) are 2-component spin-angular functions. The radial functions {P nκ (r), Q nκ (r)} are represented numerically on a grid. Radial functions are solutions of systems of differential equations that define a stationary state of an energy functional for one or more wavefunction expansions. It is possible to derive the MCDHF equations from the usual variational procedure by varying both the large and small component so that
where V (a; r) = V nuc (r) + Y (a; r) +X(a; r) is a potential consisting of nuclear, direct, and exchange contributions arising from both diagonal and off-diagonal matrix elements, Φ α |H DC |Φ β , of the Dirac-Coulomb (DC) Hamiltonian [16] . In each κ-space, Lagrange related energy parameters ǫ ab = ǫ κ nan b are introduced to impose orthonormality constraints in the variational process. In spectrum calculations, where only energy differences relative to the ground state are important, wave functions for a number of targeted states are determined simultaneously in the extended optimal level (EOL) scheme. This assures that different eigenstates of the symmetry are orthonormal even though the solutions are approximate.
Given initial estimates of the radial functions, the energies E and expansion coefficients c = (c 1 , . . . , c N ) t for the targeted states are obtained as solutions to the configuration interaction (CI) problem,
where H is the CI matrix of dimension N × N with elements
In Grasp, expansions in terms of CSFs are obtained through single-and double-excitations (SD) from a multireference (MR) set of CSFs that contain the important contributions to the wave function composition. In systematic calculations the excitations are to orbital sets of increasing size that include both unfilled and virtual orbitals. Calculations often are classified by their maximum principal quantum number so that an n = 5 calculation has associate with it excitations to all orbitals up to 5g. When the orbital set is increased in size, only the new orbitals need be determined. Expansions may grow rapidly in size, so partitioning CSFs and omitting interactions between new CSFs can drastically reduce the computation in the self-consistent process.
A Grasp calculation consists of three phases -i) generating the expansions, ii) building the orbital basis using variational theory for the Dirac-Coulomb Hamiltonian, and iii) performing a relativistic configuration interaction calculation that includes the transverse photon and QED corrections. This process is described in detail in the manual for GRASP2018 [17] .
III. LARGE EXPANSIONS
When expansions become exceedingly large which is the case when millions of small effects (small expansion coefficients) are present, it is useful to partition the set of CSFs according to some criterion to produce a zeroorder set and a first-order correction, respectively [18] . Suppose the expansion coefficients were vectors c (0) and c (1) , respectively. This partitioning also divides the interaction matrix H into blocks so that the eigenvalue problem becomes
where H (00) is the interaction matrix between zero-order components, H (11) for interactions between first-order components of the wave function, and
represents the interactions between CSFs of the two blocks. This equation can be rewritten as a pair of linear equations, namely
Solving for c (1) in the second equation and substituting into the first, we get an eigenvalue problem for c (0) ,
This deflates the matrix in that it reduces the eigenvalue problem for a matrix of size N ×N (several million) to an eigenvalue problem of size m × m (several tens of thousands), where m is the expansion size of c (0) . Of course, once E and c (0) have been determined, the other components can be generated from the expression
and a full wave function is defined. Note that the eigenvalue problem is now non-linear in the eigenvalue that can be solved by an iterative process. When H (11) − EI is replaced by the diagonal matrix such as H (11) ii − E 0 I, Eq. 8 is again a linear eigenvalue problem.
In the CI+MBPT approach [19, 20] , when c (1) is associated with correlation in the core, and c (0) with valence correlation, the matrix of Eq. 8 represents the matrix from an effective Hamiltonian. Consequently, interactions between first-order core corrections to the wavefunction are not included. Thus, contributions to the wavefunction, need to be small. When other atomic properties are evaluated, it would be desirable for c (1) to be sufficiently small so that contributions from the relevant operator between small corrections can be omitted.
Partitioning the configuration interaction matrix so that the CSFs in c (1) space have small coefficients has been supported already in the Atsp code [21] but in variational methods, omitting interactions between these CSF's comes at a cost. The total energy associated with a wave function is an upper bound to the exact energy, but when off-diagonal matrix elements of H (11) are neglected, the total energies often are too low. In the present work, the final relativistic configuration interaction calculation always included the full matrix but used as many as 96 parallel processors for execution of the task.
Partitioning can also be introduced in the building of an orbital basis. Suppose the n = 5 orbitals have already been determined and important contributors to the wave function composition have been identified. These define c (0) . Then the energy functional for the variational process could neglect interactions within the c (1) space, greatly reducing the time for determine orbitals that satisfy orthogonality constraints. Variational methods optimize the orbital basis. The effect on the calculation of neglecting some interactions is a slower rate of convergence of the systematic procedure and an extra layer of orbitals may ultimately be needed. This process was used effectively in the study of Pr 3+ [9] . In the present study, this option was only used when expansions were large in which case the c (0) space was defined as the MR set, unless indicated otherwise.
IV. A TWO-ELECTRON SYSTEM
A simple Dirac-Hartree-Fock calculation for the ground configuration [Xe]4f
2 of Ce 2+ shows that the 4f orbitals are not outer orbitals, but orbitals with mean radii between those for {4s, 4p, 4d} and {5s, 5p} orbitals as shown in Table I . Results are given for two configurations, one with 4f 2 and the other with 5d 2 . Normally, for a given electron, the nucleus is screened by other electrons with a smaller mean radius. But Table I shows that (nodeless) and 5p+ = 5p 3/2 (oscillating) orbitals from the configurations 4f 2 5s 2 5p 6 (black) and 5s 2 5p 6 5d 2 (red online, grey otherwise).
when the 4f 2 electrons are replaced by 5d 2 electrons, the common orbital parameters hardly change. Fig. 1 shows how close to each other the large components of 5p-orbitals of 4f 2 5s 2 5p 6 (black, online and in text) and 5s 2 5p 6 5d 2 (red online, grey in text) are. Also shown for the comparison is the nodeless 4f orbital. Because the 4f orbital amplitude is so small near the origin, it affects the potential for other electrons only at larger values of the radius.
By expanding the wave function for a two-electron system outside a core through SD excitations to an increasing set of orbitals, the 4f 2 spectrum converges rapidly as shown in Table II . Because of the strong interaction between 4f 2 and 5d 2 , radial functions were optimized (equally weighted) for levels of both configurations. For the converged results, the ground state energy (E g ) was −8848.36 E h . For comparison, the observed energies from the Atomic Structure Database (ASD) [22] are provided as well as the best results reported by Safronova et al. [12] . Note, however, that the 1 G 4 level is not in the observed order. This first analysis reveals the importance of the mixing of 4f 2 5s 2 5p 6 with 5s 2 5p 6 5d 2 . 
V. SOME PROPERTIES OF CORRELATION
The Lanthanides all have two incomplete shells, namely the n = 4 shell that is missing 4f electrons, and the n = 5 shell missing 5d, 5f, 5g electrons. Each of these shells have a complex of configurations that may interact strongly through near degeneracy [23] . Let us consider Ce 4+ where all subshells are filled. In this case the complexes are denoted as {4s + 4p + 4d} 18 = 4
18
and {5s + 5p} 8 = 5 8 , respectively, where the exponent denotes the number of electrons in a given shell. These two complexes can be merged into a super-complex 4 18 5 8 . The importance of correlation in the latter can be seen from a study of Ce 4+ , 4s 2 4p 6 4d 10 5s 2 5p 6 1 S 0 where occupied orbitals are excited by the SD process, to unfilled or unoccupied orbitals. Variational calculations yielded a wave function expansion for which some of the larger basis states in LSJ coupling are given in Table III . Of special interest are excitations without a change in the principal quantum number since they represent excitations between near-degenerate states of a complex.
This investigation shows that the largest excitation is P → 4f
2 → 4f 2 , and then 5p 2 → 5d 2 excitations. The above contributions are too large to be considered as a small correction for most applications. Also tested was the effect of adding the quadruple excitations 4d
′ to the expansion. As shown in the Table, the coefficient for LS = L ′ S ′ = 3 P was 0.0059, which might be important in some circumstances.
Contributions to the wave function from 4p 6 
2 , that leads to many states and the analysis is not as simple but the concepts are the same.
For Ce 4+ , the (unnormalized) wavefunction generated from SD excitations of a super-complex can be written as
whereŜ 1 (n) andŜ 2 (n) are the operators performing, respectively all single-and double-excitations among the designated nl orbital set and, when applied to the configuration designating the complex, preserve parity and total quantum numbers. Here we have used the fact that S 1 (n) excitations by themselves are not allowed for 1 S 0 states. TheŜ 1 (4)Ŝ 1 (5) excitation is a double excitation involving one orbital from each group.
A wave function of the form
includes also some higher-order terms and would be appropriate when large effects are present in both groups.
Here the × operator represents the vector-coupling of CFS from the left set with those of the right and the required anti-symmetrization. Notice that in this form the correlation in the n = 4 group is applied to each excitation of the n = 5 group. If the size of the expansions are N 4 , N 5 , and N 45 respectively, the number of basis states is N 4 × N 5 + N 45 . When the expansion for n = 4, for example, is fixed then N 4 = 1 and the expansion coefficients that need to be determined may reduce dramatically.
VI. TEN VALENCE ELECTRONS OUTSIDE A 4d 10 CORE
In a Grasp calculation, instead of complexes, the electrons are classified as inactive core, active core, and valence electrons. In this study we treat 4d 10 as an active 2 energy levels (in cm −1 ) from a 10-electron calculation compared with observed energy levels and the ground state energy (Eg in Hartree units). The n = 8h results are extended to include an estimate of the core correlation in +CC.
LSJ n = 5 n = 6h n = 7h n = 8h +CC subshells are relegated to the inactive core since the complex study showed their contribution to the energy was smaller. In these calculations SD excitations were applied to both 4f 2 5s 2 5p 6 and 5s 2 5p 6 5d 2 that define the MR set. Optimization was on all states of 4f 2 weighted equally, with increasing orbital active sets up to h-orbitals but omitting 8h. Orbital sets for n = 6 − 8 were determined from interactions with the MR set as well as 4f 5s 2 5p 6 5f in order to take into account any possible term dependence when the 4f orbitals were optimized separately. The expansions for n = 8 were extended to also include excitations from the 4d 10 core of each member of the MR set, expanded to include 4f 2 5s 2 5p 4 5d 2 , in order to estimate the effect of adding some CC correlation without any orbital optimization. The CC orbital set was limited to allow only excitations to 4f, 5d, 5f orbitals. Results are shown in Table IV. The results from these n = 5 to n = 8h VV (valence) correlation calculations have levels in their correct order. The fine structure for the 3 H has improved somewhat. Notice that the total energies have converged except for the highest level, namely 1 S 0 , for which convergence is slower. An investigation of the wave function composition for n = 8h showed that the 4f 2 5s 2 5p 4 5d 2 CSF had expansion coefficients larger than 0.09 for the 1 S 0 state. Comparison with the spectrum from the 2-electron study (Table II) shows that including correlation for the additional 5s 2 5p 6 electrons has not had a large effect on the spectrum but did lower the total energy of the ground state by about 0.30 E h ≈ 66, 000 cm −1 . The largest effect is on the 1 S 0 level.
VII. CONTRIBUTIONS FROM THE 4d 10 CORE
In the previous section, 5s 2 5p 6 was considered to be part of the valence electrons, with relatively small excitation energies. The 4d 10 electrons are different in that the 4d 2 → 4f 2 excitation has a large effect on the total energy, although not on the 4f 2 spectrum.
A. Core-valence correlation
In the super-complex of Ce 4+ , a strong effect on the wave function composition arose from the 4d5p → 4f 5d excitation. In our computational method, such interactions are between core and valence electrons and account for the polarization of the 4d 10 core by outer electrons. Ce 2+ results are similar. The largest component arises from 4d 9 4f 3 5s 2 5p 5 5d and 4d 9 4f 5s 2 5p 5 5d 3 CSFs but many are small corrections that could be included as a first-order correction.
B. Properties of core correlation
Core-correlation has some special properties in that all subshells are filled and have 1 S 0 quantum numbers. Though Grasp is fully relativistic, we will discuss this property in the non-relativistic case.
The SD excitations from the core shells of a CSF consist of all excitations of the type (ab)πLS → (vv ′ )πLS where a, b are core orbitals, π designates the parity of the pair of orbitals, and vv ′ is any pair of unfilled or virtual orbitals. In the case of 4d 10 , the pairs can be derived by first uncoupling two equivalent electrons using the coupling relationship,
where (d 8 LS, d 2 LS|}d 10 1 S) is a coefficient of fractional grandparentage [24] . The excited CSFs are obtained by the replacement process 4d
S} and these define the excited pair correlation functions for a correlated core. In the relativistic case, additional quantum numbers are needed as described in [25] . The matrix element for the interaction from this excitation is the same for all CSFs, provided the nln ′ l ′ orbitals are not present in the valence portion of the CSF. As a result, certain excitations may reduce the total energy (and affect the wave function) significantly but have a minor effect on a spectrum, since the latter is defined as an energy difference relative to the ground state.
Core-correlation can be treated as a correction to an atomic state function by correlating the core of all CSFs in the MR set. This may be appropriate when the effect is small but for cases where the effect is large, the core of every CSF of the valence space should be correlated. One way of doing so is to use an effective Hamiltonian as is done in CI-MBPT [19] . In this case core-correlation is a first-order correction of the wave function and is applied to all CSFs defining the valence space, including those that are introduced by the SD process. At no point are the interactions between these corrections introduced. A more general approach is given by Eq. 11.
C. Results for an active 4d 10 core Table V shows some results for calculations that include VV, CV, and CC correlation effects on the 4f 2 spectrum with an active 4d 10 core. Expansions increase in size rapidly so the orbital set for CC needs to be controlled as well as the MR set. In the n = 4 calculation, the MR set included both 4f 2 5s 2 5p 6 and 5s 2 5p 6 5d 2 and an orbital set with orbitals up to {5s, 5p, 5d, 4f } or simply {5554}. The inactive core orbitals were the same as those of the 2-electron calculation. Excitations were SD excitations from all shells. Double excitations from 4d 10 were limited to excitations to {4f, 5d, 5f } orbitals with the 5g orbital participating only in CV and VV in the n = 5 calculation with a {55555} excitation orbital set. The MR set now also contained 4f 5s 2 5p 6 5f , 4f 5s 2 5p 5 5d 2 , and 5s 2 5p 4 5d 4 , although the latter two did not contribute to CC, the number of excitations being too numerous for inclusion. The effect of including CC was the contraction of the (4f − , 4f + ) orbitals from a mean radius of (1.174,1.189) a 0 to (1.095, 1.091) a 0 . The finestructure splitting of the lowest term is now in excellent agreement with observation. The n = 5 expansion was reduced by extracting those CSFs with an expansion coefficient greater in magnitude than 0.00001 in at least one eigenvector. To this were added CSFs from an n = 6 expansion including at least one n = 6 orbital in a CV+VV expansion from the five members of the MR set. Again, the n = 6 results were reduced and n = 7 CSFs added to the reduced expansion. The new CSFs have had a small effect on the lower levels but make a significant contribution to higher levels. Note that the 3 P fine-structure is in fairly good agreement with observation in that all levels of the latter are shifted by a similar amount. At the same time, comparing the final ground state energy for the 10-electron system reported in Table IV , the ground state energy has been lowered by 0.25 E h or 61, 453 cm −1 . In other words, correlation shifts the total energies more than it modifies the spectrum.
Except for the 1 D 2 level, the lower levels of the n = 5 calculation agree with observation slightly better than the best results reported by Safronova et al [12] .
VIII. ANALYSIS
Comparison of computed energy levels with those derived from observation is a common method for assessing the accuracy of a calculation. But, as we have already seen, not all contributions to a wave function affect the computed spectrum. For the prediction of other atomic properties such as lifetimes or transition rates, the accuracy of the wave function composition is a more important factor. For the analysis of a wave function it is convenient to transform the expansion to LSJ coupling [26] . The expansion coefficients depend on the radial basis but a wavefunction can also be viewed as a linear combination of multi-electron spin-angular functions that are not affected by radial transformations. Table VI shows how the expansion coefficients for major contributors to the 4f 2 1 S 0 wave function change with the correlation model. Given are the coefficients of some CSFs (the contribution to the composition is the square of the coefficient) for the three approximationsthe 4f 2 two-electron system outside inactive closed shells, the 4f 2 5s 2 5p 6 10-electron system outside closed shells, and finally the 4d 10 4f 2 5s 2 5p 6 20-electron system outside closed shells. For the first method, there is strong interaction between 4f 2 and 5d 2 partly because the 5d 2 energy levels overlap those of 4f 2 and the energy difference of the two is too small. The lowest 5d 2 level is 3 F 2 (not included in any Table) 
that the difference in total energies of the state is slightly larger between the last two results than the first two. Because the number of SD excitations from 4d 10 increases extremely rapidly with the size of the excitation orbital set, the present work has limited its size. As in the super-complex discussed earlier, the largest excitation is 4d5p → 4f 5d but with a smaller expansion coefficient, namely 0.0610 compared with 0.0854 for the complex, as shown in Table III . Similarly, other excitations also have smaller coefficients which may be related to the presence of the 4f 2 electrons but may also be the result of correlating the core of only a few CSFs which has the effect of increasing energy differences and thereby decreasing the expansion coefficients. Further studies are needed.
IX. CONCLUSION
Accurate predictions for Lanthanide spectra with multiple open shells provide a challenge for theory. In this work, results were based on the Grasp code that computes a wave function from an MR set along with SD excitations from members of this set, thus including selected higher-order terms and resulting in expansions with millions of basis states.
In effect, correlation is a local phenomenon arising from corrections to the wave from the 1/r ij singularities in the Hamiltonian, but orbitals are global in nature making the calculations difficult, mainly because of the number of basis states. In Ce 2+ , ignoring the inactive subshells, there are three correlation regions for which correlation can be computed without difficulty in GRASP, namely Ψ(4s 2 4p 6 4d 10 1 S 0 ), Ψ(4f 2 Jπ), and Ψ(5s 2 5p 6 1 S 0 ) where each Ψ is an expansion over CSFs. Then, following the concepts first introduced by Chung [27] and applied successfully to Be-like systems [28] 
where the three individual expansions Ψ are vector coupled and anti-symmetrized similar to the way in which CSFs for a group of subshells are vector coupled. The last term represents the CSF expansion produced by an excitation operatorŜ 2o3 involving at least two of the three (2o3) subgroups separated by a centered dot. Excluded are excitations for which all excitations are from the same subgroup. This equation is directly related to the equation for generating expansions for a supercomplex, namely Eq. 11, but here the limitation on excitations has been removed and the equation is not restricted to SD. The fastest rate of convergence for each group would require a different orbital basis for each leading to a non-orthogonal basis for the full wave function. The present version of GRASP assumes one orthonormal orbital basis leading to larger expansions whose size would be the product of the three sizes. But this partitioned approach could also provide valuable information about when higher-order excitations such as TQ excitations are needed. In the present case, the configuration 4d 8 4f 4 5s 2 5p 4 5d
2 is the coupled product of excitations 4d 2 → 4f 2 and 5p 2 → 5d 2 , a special case of a quadruple excitation. From Table VI we see that the largest expansion coefficient in 1 S 0 is −0.0721 for the 5p 2 → 5d 2 excitation whereas the largest coefficient is −0.0478 for the 4d 2 → 4f 2 expansion. Depending on the accuracy required for the wave-function, the higher-order term may be needed. At the same time, as shown earlier, matrix elements for core correlation may be the same for many CSFs. For example, the CC excitation 4d 2 → 4f 2 of a given πJ produces a matrix element for the interaction that is the same for all CSFs that do not already include a 4f orbital in their definition. The present code treats each matrix element independently.
A reorganization of the way core-correlation is included in GRASP has the possibility of greatly improving the efficiency of the program for lanthanides and other heavy elements.
